New rigid string instanton equations are derived. Contrary to standard case, the equations split into three families. Their solutions in R 4 are discussed and explicitly presented in some cases.
Introduction
It is known that perturbatively rigid string [1, 2] is trivial in the sense that at low energies it is equivalent to the Nambu-Goto string. There is a hope that non-perturbative effects may change this behaviour. In fact, lattice simulations indicate appearance of a nonperturbative IR fixed point for the 3d rigid string [3] . For higher dimensional target spaces the situation is unclear. One of the non-perturbative signature of field theory models are instantons. Certain instanton equations of rigid string appeared for the first time in [1] and then their solutions and properties were discussed in [4, 5] . These instantons appeared to be non-compact surfaces in R 4 and as we shall show they are somehow exceptional examples of more general instantons. One can also find some remarks about rigid string instantons in [6] . Despite these works not much have been established toward classifications of instantons and their relevance for string dynamics.
In this note we are going to investigate rigid string instantons in R 4 more throughly.
In particular we show that equations of [1] give instantons of very limited type -our construction yield much bigger family. The instantons are classified by two topological invariants: the Euler characteristic χ of the immersed (closed) Riemann surface Σ and the self-intersection number I of the immersion. The constructed set of instantons is rich enough to cover all possible values of χ, I. It is interesting to note that, contrary to ordinary instantons, the rigid string instantons split into three families. The intersection of these families is non-trivial and, except one case, is equivalent to the instantons of [1] .
Let us recall some basic facts about the rigidity (sometimes called extrinsic curvature).
The action is given by (1) and it is known to be plagued with plethora of identities which allow to exhibit its different aspects.
In the above
Throughout the paper we shall exclusively use the induced metric g ab ≡ ∂ a X∂ b X. The tension tensor K i ab is defined by the relation: √ gR. In the course of the paper we shall heavily use identities expressing χ and the self-intersection number I of an immersion in terms of t µν .
The paper is organized as follows: in the first section we show that there is an infinite energy barrier between instantons belonging to different topological sectors of rigid string.
This indicate the existence of instantons in each topological sector of the model. In Sec.2
we derive basic equations, while in the next section we discuss their solutions. Finally we comment on other works devoted to the subject and state conclusions.
Energy barrier between different instantons
Before we go to the discussion of the instanton equations we shall show that any action containing the rigidity has a minimum in each topological sector given by the Euler characteristic χ of Σ and the self-intersection number I of the immersion X. The considerations are valid for compact surfaces only.
It is known that generic maps of a Riemann surface of genus h to R 4 (X : Σ → R 4 )
are immersion. Immersions of given Σ are classified, up to regular homotopies, by the selfintersection number I [9] (see also [10] for a brief review and some definitions). Hereafter we shall identify both topological numbers χ, I with analytical expressions (2) and (3) I what can be inferred from the similarity of the expressions (2) and (3). In the following we shall discuss the latter case more thoroughly. We shall construct a continuous family of maps X α which will connect two immersions with I different by one. Thus the family will not be a regular homotopy. X α must go through a singularity i.e. a point where the induced metric will vanish. We shall show that at this point the rigidity is infinite. An action with rigidity will separate different topological sector of field configurations. Hence there must exist a minimum of the rigidity for each I and also for each χ.
Any map X with given (χ, I) can be locally deformed, by a homotopy which is not regular, in such a way that I will change by one. For a certain value of the deformation parameter, say α = 0, the map X α=0 ceases to be an immersion. The problem is to characterize singularities of X α under such deformations. We shall parameterize family X α by α from neighborhood of zero α ∈ D 1 . Because deformations are local instead of considering the whole Riemann surface Σ we take a 2d disc D 2 ⊂ Σ. Thus the family of discs is a 3d manifold
will be constructed as a composition of two maps:
The first map f must be non-singular i.e. it must be embedding because X α must be
In order to analyze singularities of X α we must consider mapsg of D 2 together with pa-
The requirement is that the parameter
Hence ∂ αg is never zero. The generic singularities of such maps are well known [11] to be cross-caps which in suitable coordinate system have the form:g
The map has the line of self-intersectionsg(0, 0, x) =g(0, 0, −x) which terminates at the singular point x = 0. We must immerse family (f α ) of discs
a way that it intersects (in 2 points) the line t 1 = t 2 = 0 for α < 0 and ceases to do it otherwise. Hence, for a < 0,
ceases to be an immersion because it goes through singularity point (0, 0, 0) ofg.
As f α we consider a family of quadrics:
It respects all requirement just imposed on the family of embedded surfaces. As g we take the last four components of the map (4) dropping the coordinate which corresponds to an embedding of the deformation parameter (α ∼ t 1 ) in D 1 . Thus X α is:
As we expected, at α = 0 the image of D 2 under X is singular i.e. ∂X 0 /∂t = 0 at (s = t = 0). For α = 0 the map (5) is an immersion. For α > 0 it does not have selfintersection points (I = 0). For α < 0 it has one self-intersection point: This is the main conclusion of this part of the paper. Let us stress the local aspect of the considerations, what implies its validity for an arbitrary target space-time.
In the rest of the paper we shall be looking for these minima in terms of instantons.
It will appear that in some cases the minima do not exist if we bound considerations to compact surfaces in R 4 .
Basic equations
In this section we shall derive instanton equations. We recall that the tensor t µν is the 
where
. We also note another useful identity:
which stems from (3). Using (6) and (7) we get
In order to derive instanton equations we follow the standard route. Let us write the inequalities:
which imply Σ √ gg ab ∂ a n + ∂ b n + ≥ 8π|I + |. They are saturated by the following instanton equations for the self-dual part of t µν i.e. for n + :
There is a twin set of instanton equations for n − i.e. for the anti-self-dual part of t µν .
(−, ±) ≡ ∂ a n − ± ǫ c a √ g ∂ c n − × n − = 0
As we shall see below, (12) and (13) are not independent equations. This is obvious if one notices that n + and n − carry altogether the same degrees of freedom as X. It follows that if one threats n + and n − as would be independent the so-called integrability conditions appears. These will be discussed in the end of the paper. Moreover one must realizes that metric also depends only on the same degrees of freedom.
Hereafter we shall discuss relations between Eqs. (6) and χ ≤ 2, both equations can be respected simultaneously only for I + = 1, I − = −1 (non self-intersecting sphere).
We rewrite (+, +) = 0 in terms of components of the stress tensor K i ab .
The l.h.s. of (14) is equivalent to K (9) we get I + I + = 2I + + h − 1 ≥ 0; (−, +) = 0 instantons respect I − ≤ 0 and from (10)
We also notice that instantons may exist for all possible χ and I. Instantons ∂ a n ± = 0 are denoted by full circles. The solution found in this paper corresponds to the ± point.
gives tangent plane to the immersion at the point X(z). For the conformal metric g ab ∝ δ ab one can identify G 2,4 with a quadric in CP 3 :
can be a Gauss map of an immersion. The so-called integrability conditions have to be respected [8] . They originate from the fact that∂∂X µ must be orthogonal to ∂X µ and real. Both conditions
There is a nice parameterization of Z
where f i : Σ → S 2 . From Eq. (15) one can derive the following integrability conditions [8] :
Both conditions take relatively simple form when expressed in terms of (+, +), (−, −): There is a theorem [8] which says that while the integrability conditions (17, 18) are solved for appropriately regular maps we can reconstruct the surface X up to a 4d shift and a scale.
It is worth to notice that the integrability conditions posses symmetry groups. First of all it is the rotation group SO(4) ∼ SO + (3) × SO − (3).
Both conditions are also invariant under (restricted) conformal transformations performed on f + and f − simultaneously:
). This symmetry is the remnant of the reparameterization invariance of the original theory.
Below we shall shortly discuss solutions to the instantons equations and the above integrability conditions. In the parameterization (16):
so that we get
respectively. Hereafter we shall concentrate on the first of Eqs (21). It can be easily solved:
We solve the integrability conditions for the I + = 1 case. Using conformal invariance we can put f + =z. 
The above is the sphere (
The formula (23) gives 5-dimensional family of instantons. In the forthcoming paper [13] we show that this is really the most general instanton family with χ = 2, I = 0.
Unfortunately for I + > 1 the situation is much more complicated. The simple ansatz
appeared to be too restrictive and we were not able to find any solutions to the integrability conditions. Definitely, different methods are required [13].
Final comments
Let us finally comment on other works concerning the rigid string instantons and state conclusions.
Certain instanton equations for rigid string were proposed in [1] and farther elaborated in [4, 5] 3 . The considered equations were
One can see that they belong to the set Eqs.(12,13) restricted be the condition I ± = 0. Eq.
(6) implies that for (24) instantons I = ± 1 2 χ holds, so e.g. for the torus the equations can describe only the standard (I = 0) immersion in R 3 . Moreover (24) implies also ∆X µ = 0.
Hence no compact surface can be immersed in R 4 while (24) is respected.
In the present paper we have shown that, contrary to (24) general instanton equations (12, 13) can have a representant for each value of χ and I. Not all of them can have compact representant in non-compact space-time R 4 . Non-compactness of the space-time makes some of the immersions to "run away" to infinity i.e. instantons become non-compact and hard to control. It is known that minimal instantons (+, +) = 0 can not exist in R 4 [12, 14] .
For (+, −) and the twin (−, +) family we have found explicitly one compact instanton with topological numbers χ = 2, I = 0. In the forthcoming paper we shall show that, in fact, all these instantons are compact [13] .
We want to stress that despite this, the general arguments of Sec.1 shows that solutions to the instanton equations should exist for all possible topological sectors for compact space-times. This subject goes beyond the scope of this paper.
We finish with few remarks concerning possible applications of the rigid string instantons described in this paper. It is conceivable that they may play prominent role in string description of gauge fields. For example, it is known that YM 2 in 1/N expansion is localized on surface-to-surface holomorphic and anti-holomorphic maps [15] (see also [16] ). Four dimensional version of this construction was proposed in [17, 10] . Unfortunately, in this case no definite set of maps was given. One may speculate that the rigid string instantons should be the appropriate maps. Work in this direction is in progress.
